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ABSTRACT 

The Chern-Simons actions of the multiple fundamental string and the multiple gravitational wave are 
established to full order in the background fields. Gauge invariance is checked. Special attention is drawn 
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1 Introduction 



A multiple brane consists of N branes lying on top of each other [T] . The separation between the branes is 
of order of the string length. Strings stretching between them give rise to new massless modes, in addition 
to the modes of the strings going from a brane to itself. These extra modes fill out the [/(l)^ symmetry 
of the separate branes into a U (N) symmetry group, giving the brane-stack a non-Abelian structure. At 
the worldvolume level the non-Abelian structure is represented by the N Born-Infeld vectors combined into 
one U (N) vector V, and the transverse scalars enhanced to matrix coordinates transforming under 
the adjoint of U{N). Background fields are function of the matrix coordinates via a non-Abelian Taylor 
expansion [21 [3]: 

C^,(a;^XO =5]^9fe,...9fc„C^.(x^a;*)|^.^o X>'\.. X^" . (1.1) 

n 

Constructing a Born-Infeld action adapted to the multiple brane case is a highly non-trivial problem. The 
Chern-Simons action however keeps a simple structure [HElll], besides showing several intricate properties. 
One of these is the appearance of couplings proportional to a commutator of transverse scalars [3- These 
extra, purely non-Abelian couplings allow the brane to interact dielectrically with background fields of 
higher rank than the brane dimension. The multiple brane then expands into a higher-dimensional, fuzzy 
geometry. Such solutions are described in [H [7l [8] 

The multiple D-brane action and its gauge properties were studied in[9l [TOl (TTJ [12]. An important 
observation was made in [11]: the matrix coordinates are affected by gauge transformations with the 
NS-NS parameter Ei: 

feK = -S^DX^ (1.2) 
S^Xf" = iY.plXP.X^']. 

This transformation is proportional to a commutator, such that it vanishes in the Abelian limit. A conse- 
quence is that every background field will undergo this non-Abelian NS-NS transformation as well, since 
the fields depend on the transverse coordinates. 

In [131 [m [H] , actions are established for the multiple fundamental string and the multiple gravitational 
wave. The following arguments suggest that these actions are valid in the strong coupling regime. Firstly, 
the large- iV limit [N being the number of individual strings or waves forming the non-Abelian object) of 
the multiple wave matches the Abelian result for the giant graviton, thus suggesting that the multiple wave 
action describes a microscopical view of the giant graviton. A similar reasoning is true for the multiple 
fundamental string action. The large- limit thereof corresponds with the Abelian description of a dielectric 
D-brane. The second argument comes from the objects being BPS states, suggesting that no higher order 
corrections in a' are needed. 

The actions of [TS] [Ml [15] , however, are only established to linear order in the background fields. The 
aim of this paper is to extend these actions to a fully gauge invariant form. The construction is made by 
duality relations and checked on gauge invariance. An overview of the dualisations is given in Figure [1] 

First we propose an action for the 11-D gravitational wave. This action is reduced along a direction 
other than the Taub-NUT direction of the wave, which results in a Type IIA wave (WA). T-duality yields 
a Type IIB fundamental string (FB) when performed along the isometry direction. Type IIB wave (WB) 
with two isometry directions results from a T-duality along an other direction. The Type IIA string (FA) 
can be reached from two directions: either by T-dualizing the IIB string, or by T-dualizing the IIB wave. 
The chain closes, providing a powerful check on the duality calculations. Notice that the duality chain 
leads to an effective S-duality transformation. Though the non-perturbative S-duality is not well defined 
in the case of multiple branes, the more rigorous chain here leads to the same result as a naive S-duality 
would. 

Gauge transformations are well defined for the D-brane background fields. We will dualize the transfor- 
mations as well as the fields to become corresponding gauge transformations for the exotic fields appearing 
in the multiple strings and waves. We will follow especially the transformations of the world- volume fields. 
The non-Abelian NS-NS transformation of the coordinate will dualize into a new transformation, following 
the transformations of the Born-Infeld vector and the exchange of the two-form fields B2 and C2. 



2 



WM 




DO WA FIA 

I IXl 

Dl WB FIB 




Figure 1: The various objects: the D-string (Dl), the DO brane (DO), the IID wave (WM), the fundamental 
strings in IIA (FlA) and IIB (FIB); and the waves in IIA (WA) and IIB (WB). T-duahties are shown in 
double arrows. Single arrows denote dimensional reduction. The curved arrow represents S-duality. 



The 11-dimensional wave is studied in section O The next section concentrates on the IIA wave. The 
IIB and IIA string actions are derived in section [4] and [5l respectively. The last action, the IIB wave, 
appears in section [6l Appendices A-C list properties of the fields appearing in the various actions. 

2 The eleven-dimensional multiple wave 

An action for IID multiple waves is proposed in jl5i. Using gauge invariance, we extend this action to all 
orders in the background fields. The result i^: 

HwM = STr{p(fc-2^i) -iP(ixix)(c3-3ife(73fc-2^^) (2.1) 
--jP{^x'^xf{^kC(, - hC-iikCz + ISifcC'aifcC'sfc'^fci^ 

+ ^/'(ixix)'(ifcC'8 - 21ifcC'6ifcC'3 + SSCaifcCaifcCg - \Q^C^^kCzikC^k~''k^ 
+ ^P(ixix)''(^ifcC'io — 36ifeC'8ifcC'3 + STSifcC'eifeC'aifcC'a — SlSC'aifcC'aifcC'sifcC'a 
+945ifeC'3ifcC'3ifeC3fc-'fci)}. 

fc denotes a Killing vector which represents the Taub-NUT direction: 

fc^ = (5^n , (2-2) 

An inclusion of a form with the Killing vector extracts the components which have one index equal to 11. 
The notation is the same as for the inclusions with transverse scalars: 

ifcCp = ^''C'p^2...^p = Cii,^2...^p. (2.3) 

In addition to being charged under a Killing vector field, the multiple wave couples dielectrically to 
forms of higher rank. This dielectric coupling is proportional to commutators and characteristic for multiple 
branes, strings and waves. While the higher-rank forms featuring in the Myers action are the Ramond- 
Ramond potentials, more exotic eleven-dimensional forms appear here. Cg and Cio are the fields that 
minimally couple, respectively, to the M-theory Kaluza-Klein monopole and the M9 brane (see e.g. [IS] for 
a discussion of these forms) . A list of all exotic forms and the respective branes is included as appendices 
A-C. 

■^Eleven-dimensional fields are denoted by a hatted letter 
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Because of the appearance of the Kilhng vector, the sigma-model is gauged with respect to translation 
symmetry of the eleventh coordinate. In [131 [Ml [T^, covariant pull-backs were used to get a more Lorentz- 
invariant look. To non-linear order, however, the Killing vector appears not only pull-backed but also 
contracted with a commutator. Defining modified commutators is possible, but it is easier and more 
transparent to see the Killing vector as a background field. 

A more compact way of writing (|2.ip uses the property ifc(fc^^fci) = — 1, such that for every 

p-form Tp! 



(2.4) 



This proves to be useful, especially when dealing with multiple isometry directions, such as in the IIB 
multiple wave. Written in this way, the action (|2.ip becomes: 



-WM 



STr|p(fc-2^i 
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24 



P{ixix) ife 
3 



Piix'ix) ifc 
P{ixix)'^ik 



+ iP{ixix)ik{'iC3k-^h) (2.5) 
6(1^(76 -5C'3ife4)fc''fci 
8{ikCs - 21ikC6ikC3 + 35C3ikC3ikC3)k-% 
lO^ifcCio — SGifeC'sifcC's + STSifeC'eifcC'sifcC'a — SlSCaifcC^ ^fci |. 



The invariance of the action under coordinate transformations in the isometry direction is now manifest, 
since everything is written as an inclusion with fci . 

A remarkable symmetry of the action is under the gauge transformation of the field ifeCa. The Born- 
Infeld vector and the transverse scalar transform respectively with a shift and a commutator: 



SVa = iikA2)pDaXP 



(2.6) 



A dimensional reduction of the action (j2.5p along the Killing direction results in the well-known Myers 
action for multiple DO-branes. Hereby the Killing vector takes the role of the Kaluza-Klein vector Ci. The 
gauge transformations (|2.6p reduce to the NS-NS variations (|1.2p for the worldvolume fields of the multiple 
DO-brane. So the Myers action can be seen as a weak coupling limit of the (|2.5p action, thereby motivating 
the interpretation of the latter as an action for multiple gravitational waves in M-theory. 



3 The IIA multiple wave 

When reducing the action (|2.5p along a direction other than the Taub-NUT direction, one finds the Chern- 
Simons action for the IIA multiple wave. This was carried out to linear order in [14j . Using the full 
reduction rules we get the following result. 

We assume that the reduced dimension is orthogonal to the Taub-NUT direction of the wave. This 
restriction is necessary to close the duality chain. Closure requires the T-dualities to commute, which is the 
case for orthogonal directions. The orthogonality is assured by setting iz{k~^ki) — ^^^TT ^'^ zero, k^^ki 
reduces then to fc'^/ci = .£iiiJ__ 

311,11 

The reduced coordinate X^ becomes a scalar which we call S. So 

^ 5 DX"" DS. (3.1) 

With these assumptions the Type IIA wave action becomes: 

CwA = STr{p(fc-2fc^) _ i {DSiixix) - P\s,x\} ifc [iB^k-'^k^ (3.2) 
+*P(ixix)ifc(4C3fc-2fci) + i {DS(\xixf - 2P(ixix)i[s,Jf]) \K^{ikC^ + ^C3ikB2)k-^k^ 
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+ \p{^xix)\ [6(ifcS6 - 5C3ifeC3)fc-2fci 

— g (-DS'(ixix)"^ — 3P(ixix)^i[S,Ji:]) ifc V^ifcA^T + 6ikBeikB2 — ISifeCsifeCs 

-30C3ifcC3ifeB2)A:-2fci 
-^Piixix fik [8{ikNs - 21ifcB6ifeC3 + 35C3(ifeC3)')fc-'A:i 

{DS{ixix)^ - 4F(ijf ix)^i[s,x]) ifc [9(ifc^9 + SifciVgifeSs - 28ifcA^7ifcC3 



-168ifcS6ifeC3ifeS2 + 210ifcC5(ifeC3)" + 280C3(ifeC3)"ifcB2jA:-"fc 
-^-P(ixix)\ [l0(ifeA^io - SGikNsikC's + SlSikBeiikC'sf ~ SlbCsiikCs)''^-^ } 

The wave couples minimally to the Killing vector and dielectrically to higher-order forms. Gravitational 
and exotic background fields appear in these dielectric couplings. We will encounter yet more exotic fields 
in the IIB string and IIB wave actions discussed in the following sections. Their properties are known from 
duality relations and are listed in the appendix. 

Gauge invariance has been checked. Since ik^2 reduces to both ifcA2 and i^Si, we will encounter these 
two parameters in the variation of the Born-Infeld vector, the transverse scalars and the scalar S. 

The worldvolume field variations are: 



SVa - DaXPiikA2)p+DaSik^i 

SS = -An-t{ikA2)p[XP,S]. 



(3.3) 



4 The multiple Fl in Type IIB 

When T-dualized along its Taub-NUT direction, the IIA gravitational wave becomes a fundamental string 
in Type IIB. Hereby the worldvolume fields are mapped as usual. The scalar S becomes a component of 
the Born-Infeld vector: 

S ^ -K. (4.1) 

The duality was carried out to linear order in [13]. Again, using the reduction and uplifting rules on 
the action (j3.2p we recover a fully gauge invariant action of the multiple fundamental string in Type IIB. 

Cfb = STr{p{B2)+i{ixixKB2)AF + iPiixix){Ci)~^{ixixf{Ci)AF (4.2) 

+ lp{ixix?iBe) + '-(ixixfiBe) AF- '-P{ixixf{Qs) 
2 b D 

+ ^iixixr{Qs) AF~ lp(i^i^)4(Q,o)} 

Notice that there appear no isometry directions any more. The multiple fundamental string in IIB has 
the full ten-dimensional Lorentz-invariance, just like a single fundamental string. 

As for the variation parameters, T-duality maps both Aq and ifcA2 onto ifcAi, following the recombination 
of the IIA fields Va and S into the IIB Born-Infeld vector Va- The ifeSi variation becomes a coordinate 
transformation. So the gauge variation of the worldvolume fields goes only with Ai . 

6Va - -ApDaXP (4.3) 
SXP = iAp[XP,Xt'] 
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Now it is very clear how the twoforms are interchanged with respect to the D-string. The worldvolume 
fields vary with the R-R parameter. As was already mentioned in [13], the Born-Infeld vector of the D- 
branes is changed by S-duality into another worldvolume vector. In the Abelian limit the field strength of 
this vector combines with the pull-backed R-R twoform to an invariant field strength T' = 2dV' + P[C2]- 



5 Transverse T-duality: a Type IIA fundamental string 

As mentioned in [13] . a transverse T-dualization of the Type IIB fundamental string gives a fundamental 
string with winding number in Type IIA. 



Cfa = STr{ {-2DluP + iFi^^^x]) + [P + iFiixix)) k {iB^l-^i) 

+i {P{:ixix) + ^i^(ixix)'^ i/ [5(i/C5 +4C3iiS2)r2/i 
-f i {~2DuuP{ixixf + 2P(ixix)i[^,x] + iFi;^x\x)%,x]) h \&{^n 
+ \ (P{ix-^xf + ^F(ixix)' j i/ \j{iiNj + 6iiB6i;B2 - 15i;C5iiC3 - SOCsifCaifBs) /"'^i 



(5.1) 



{-2DiuP{ixix f + 3P{ixix)%,x] + «i^(ixix)'v.x]) 



P{ixix fk [q^hNq + 8kNsiiB2 - 28iiNriiC3 - 1681^03^62 + 210i,C5(iiC3)' 



+280C3iiiC3yiiB2)l-'l 



P{^xixfi[u..x]k [l0(iiAfio - i&HNmC3 + aTSijBgO/Ca)' - ?>l^C3{hC3f)l~\] }. 



The T-duality rules are the same as the ones used in Section [4] Indeed, both dualities connect a IIB 
theory to the IIA with one isometry direction. To make clear that the isometry directions fulfill a different 
role in the IIA string and the IIA wave, we denote their Killing vectors with different symbols. So k is the 
IIA wave's Taub-NUT direction, while I denotes the string's wrapping direction. In both cases the isometry 
directions allow for exotic form fields. 

The worldvolume gauge variations are now 



5Va = [llK2)pDaXP + KoDaU 

SX^ = -i{tiA2)p[XP,X^]-iAo[uj,X'^] 
5oj = -HJ:i-i{kA2)p[XP,uj]. 



(5.2) 



6 The Type IIB gravitational wave 

The IIB gravitational wave can be reached by a transverse T-duality on the IIA wave, but also via a T- 
duality along a worldvolume direction of the IIA fundamental string. This two ways should give the same 
result, closing the chain of dualities. This is indeed the case, up to a sign difference of the R-R fields. This 
sign difference comes from interchanging the two T-duality directions, as mentioned in [14J. The action 
mentioned here is the one coming from the transverse T-duality on the IIA wave, in order to compare with 
[14] . In addition to the duality rules we used for the IIB string, we need now more dualities connecting 
to the exotic IIB fields with two isometrics. Due to our assumption of orthogonal isometry directions, we 
have that i/(fc~^/ci) — ik{l^'^li) = \knB2 = 0. This taken into account, the IIB wave action is: 



6 



CwB = STrji {Du;i[s,x] - DSi^^^x] - [S, oj]P) {1'%) + P(fc-2fci) 
+i (DSiixix) - Pi[s,x]) ikn(l2B2k-^kil-\^ 

+^ {Duj{ixix) - Pi[u^x]) ikk (l2C2k-^kir^li) 

+ {D^{ixix)i[S,X] - DS{ixix)i[uj,X] + Pi[S,XY[w,X] " [S,Oj]P{ixix)) 

20(ifeC4 - 3C2ikB2^k-^kil-^h 



(6.1) 



+iP{ixix)ikH 



20 



)[iiC4 - 3C2kB2jk-^kil-^li 

— - {DS{ixix)^ — 2-P(ixix)i[S,X]) ifeii SO^ifeifCe + 4i;(74ifc-B2 — 4ifcC4i;B2 
-12C2iiB2ifeB2)fc-2fcir2?l 

-i (DwOxix)' - 2P(ixix)i[..,jf]) ifci; [30(ifti;S6 + QikkC4C2)k-^kil-^h 

~2 - + 2P(ixix)i[S,X]i[a',X] - [5', a;]P(ixix)^) 

i/si; 42(ifcyA^7 + 5i)ti/B6ifc-B2 — ^ikCiikhCi + 30ifci;C4C2iA:-B2^ 
+ -P(ijcix)^i;sii 42^ifei;A/7 — 5i;C4ifei(C4 + 5ikkBeiiB2 + 30ifci;C4C2i;P2^ 

+ ^ (Z)S'(ixix)^ - 3P{ixixfi[S,X]) ifeij Se^ifciiATg + 6ifcii7VVifeP2 - 6ikilNrilB2 

— 30ifei/P6ifeP2i/P2 — 180ifei/C4C2ifeP2i;P2 — 15ifci;C4ifci;C6 
— 30iiC4ifei;C4ifeP2 + 30ikC4ikkC4iiB2^k~^kil~^li 

{Duiixixf - SP{ixix)Su,,x]) ikk [56(ikiiN8 - AhC2iknC4hHC^k-^kil-% 



+ 



-g {P>^i}X'^xY'^[S,X] ~ P>S{\x'^xY\u,X] + 'iPi}XixYi[S,XY[u:,X\ " [5", w]P(ixix)^) 
ifci; 72^ifci;iV9 + Tifci; A^8ifcP2 — 21i;jiiiV7ifcijC4 
+35ifeC4(ifei;C4)^ — 315C2(ifei;C4)^ifeP2^ 
— gP(ixix)^ifci/ 72^ifei;A/9 + 7ikilNsilB2 — 21i/ji;A/'7ifciiC4 + 35i;C4(i/ji;C4)^ 



-315C2(ifci/C4)"i,B2jA:-'fcir';i 

— gP(ixix)^i[5,X]ifei; 90(^ifei;A/io - Sifci; A^9i;i?2 + 8ifei;A/'9ifcP2 — 56ifei( A^8ifc-B2iiP2 
-28ifeijA/'8ifei;C4 — 168ifei;AA7ii,i;C4ife-B2 + 168ifei;iV7ifei;C4iji32 
+210iA;i;C6(iA;ijC4)^ — 280iA;C4(ifei;C4)^i/i?2 + 280i;C4(ifei;C4)'^ifeP2 

+2520C2{ikHC4)\B2iiB2)k-^kil-^k 
-^P(ixix)^i[a,,x]ifci; [9o(ifcii7Vio + 420C2{ikkC4f)k-^kil-%'\y 

Not only the action but also the transformations get a more complicated form due to the two isometries. 

T-duality of the IIA transformations learns us that three parameters affect the Born-Infeld field and the 
transverse scalars, while the scalars lu and 5 shift with two more parameters. 



SVa 



(6.2) 
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SX^' = i{ikiiA:i)p[XP,X'^]-i{ikA,)[Lj,X'']-i{ik^i)[S,X'^] 
Suj = -iiSi - i(ifei/A3)p[X'',cj] - (ifeI]i)[S',cj] 
6S = izAi-z(ifci,A3),[X'',5]-(ifeAi)[c^,5] 

The most remarkable feature of this action and its variation is their complexity, especially when compared 
to the IIB fundamental string. The reason of this lies indeed in the isometrics. In fact, the IIB wave action 
is eight-dimensional instead of ten-dimensional. The different role played by the parameters with an 
inclusion and an i; inclusion points at the different nature of the isometrics, k is the Taub-NUT direction 
while I is the wrapping direction. ifei;A3 is the wave's counterpart of Ai. All other variations appear only 
due to the isometrics. Indeed, they are always proportional to the scalars S and lu. 

7 Discussion 

In this paper we have discussed fully gauge invariant actions for the multiple IID gravitational wave, the 
Type IIA and IIB wave and the IIA and IIB string. Special attention is drawn to the world volume fields 
and their non-Abelian gauge variations. 

Another issue, not yet mentioned, is the role a mass parameter would take. Multiple D-branes in 
massive Type IIA [TTI have been studied in 10]. Two ways can be followed to extend the Type IIA actions 
here with a mass: either perform a massive T-duality on the Type IIB string, or start with the DO-brane 
in massive Type IIA and following the chain used here again. The latter method involves BLO theory [18]. 
Both methods would yield a gravitational wave in Romans theory, where ikCs takes the role of the massive 
field. 
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A Exotic forms 



In the following tables we will list the background fields together with the branes which minimally couple 
to them. Most of the exotic branes are studied in [20] and [21]. In the latter paper a coding system was 
developed to characterize the branes. We will list both the name (for the branes found in [20 ) and the 
code, in addition to the corresponding background field. 
In M theory: 



In type IIA: 



In type IIB: 



Name 


Code 


Background field 


WM 


(1-1) 




M2 


(2) 


C3 


Mb 


(5) 


Ce 


KK7M 


(6,12) 




KK9M 


(8,13) 





(A.l) 



Name 
Dp 
WA 
FIA 
NS5A 
KK6A 
KK7A 
KK8A 
KK9A 



Background field 




(A.2) 



Name 


Code 


Background field 


Dp 






WB 


(1-^0) 


k-^k2 


FIB 


(i;0) 


B2 


NS5B 


(5; 2) 
(5,l2;2) 


Be 


KK6B 




Q7 


(7; 3) 

(5, 22; 2) 


Qs 








(5, 22; 3) 

(6, 12, 13; 3) 




KK8B 




Q9 


(9; 4) 


Qio 




(7, 23; 3) 


ifei/A/10 




(7, 23; 4) 





(A.3) 



For the sake of clarity, we will include a diagram depicting the duality relations between the branes (see 
Fig. [2]). 
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Figure 2: Vertical single arrows denote direct dimensional reduction, diagonal single arrows stand for double 
dimensional reduction. Double straight arrows represent T-duality. Double curved arrows denote S-duality. 
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B Reduction and T-duality rules 



Here we list the reduction and T-duality rules we used. They can also be found, up to linear order, in 
[14[ I15j. Most of them to are mentioned to higher order in '16]. Some sign conventions may differ. 
Reduction rules for the eleven-dimensional fields along the isometry direction are: 

k-^ki = C\ 

ifeCa = i?2 C3 = C3 

ikCe = C5-5C3B2 (B.l) 

ifcC'lO = Cg — 315C3i32 52-62- 

These are the reduction rules for the eleven-dimensional fields along a direction other than the isometry 
direction. The reduced-over direction is denoted by the letter z. In analogy to the inclusion we defined 
the inclusion as being i^Cp = Cz^^...^^. 

{k-^)ki = = k-^ki 



1 

izCs — B2 6*3 = C3 

izC'e — C5 ~~ 5C3B2 Cq = Bq 

ifcizC's = - 30(ifcC3)^B2 + 20ifcC3C3ifei32 ifeCs = ife-ZV; 



(B.2) 
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ifc 



i.Cio = ifciVg - 315(ifeC3f B2 + 210C3(ifcC3)2ifeB2 ifcCio = ifeA^io 



The following list contains the T-duality rules between the IIA fields with k as isometry direction, on 
the right-hand side, and the IIB potentials with no isometry on the left-hand side. 



9z ^ 
-\,B2 = k-^ki 



ikB2 (B.3) 
B2 = B2 + 2ikB2k-^ki 

izC2n ~ C2n-1 — (2n — l)ifcC2n-lfc ^^1 

G2n = ifcC2n+l -|- 2n(C2n-l - (2n - l)ifcC2nfc"^fci)ifci32 

i.Be - ifeSe - 5(C3 - 3ifeC73fc-2fci)ifeC3 

Be - ifeA^T + 6(ifcB6 - 5(^3 - 3ifcC73fc-2fci)ifeC3)ifcB2 - 15ifcC5ifcC3 

i.Qs = ifeAf8-21ifcB6ifeC3-l-35(C3-3ifcC3fc-2A:i)(ifeC3)' 

= ifeiV9 + 8(ifcA^8-21ifcB6ifcC3 + 35(C3-3ifcC3fc~'A:i)(ifcC3)')ife-B2 

-27ifcA^7ifcC3 -I- 210ifcC5(i/cC3)^ 

«.Qio = ^fcA^io - 36ifc7V8ifcC3 + 378ifcB6(ifcC3)' - 315(C3 - ikC3k-^k{)(ikCzf 

Here we list the T-duality rules between the exotic Type HB potentials with two isometry directions 
(on the left-hand side) and the HA ones with the k isometry direction. These exotic fields correspond to 
some of the fields mentioned in [T5] . 

(B.4) 





= Be + 6i,Be^ 








gzz 








= ifc iz - 5ifc 12^5 (ifcC*3 


- 2ifcizC3 — ) - 5(ifeC5 - 


4:ikizC5—)ikizC3 




gzz 


9zz 


ifei/A/s 


= ifciVy - GikizN-i — 








gzz 






ikkNs 


— ik'izNs — Gik'izCsiikBQ 


+ 5ifcizi?6 — ) - 15(ifcC3 


+ 2ikizC3 — )ikizBG 




9zz 


9zz 




+ 20ifeizC3(C3 - 3i2C3 


— )i}kC'i — 2\klzCz—) - 


f SOizCsiikCz ~ 2\kizCz — 



gzz gzz gzz 
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i/c^A/g = ifeiVg + ^ifei^iVg — 



Qzz 

ikkNg = ikizNg — likizCsiikNr — Gik'izNr — ) - 35ikizC5{ikC3 -2ikizC3 — )'^ 

Qzz Qzz 



9zz 

hk^W = ifeiz-^10 - SifeizC'sOfe-^S + ^h^z^i — ) — 28(ife(73 - 2ikizC3 — )ikizN8 

Qzz Qzz 

+168ifci2C3(ifcC3 — 2ifcizC3 — )(ifcB6 — SifeijBe — ) 

Qzz Qzz 

+210(ifeC3 — 2ifci^C3 — )^ifci2i36 — ^l^iki^CziikC^ — ^ikizC^ — )^ {C3 — Si^Cs — ) 
Qzz Qzz Qzz 

-315(ifeC3 - 2\k\zC3 — )^izGz. 

Qzz 

As the last T-duahty hst these are the rules for the IIB exotic potentials dualized along the k direction. 
These arc quite similar to the previous ones, as expected, but some of the fields are interchanged or have 
another sign. 

ijifeA/V = HH^i - ^n'i-zC^i^nC^ - 2\i\zC3—) - h{\iC^ - ^n\zCf,—)\i\zC3 (B.5) 

Qzz Qzz 

ifeA^T = -Bg + Gi^Be — 

Qzz 

-iiifeA/'s = i,iV7 - 6i,i,iV7 — 

Qzz 

—ifikNs = ilizNs — QilizCsikBe + 5iiizBQ — ) - 15{iiC3 — 2iiizC3 — )iiizBQ 

Qzz Qzz 

+20iiizC3{C3 - Bi^Cs — )(i;C3 - 2iiizC3 — ) + SOi^Cs (iiC3 - 2iiizC3 — )^ 



Qzz Qzz Qz 

— ) — 'i?>nizC^(ilC3 — 2iiizC3 — 

Qzz Qz 



— iiifeA/g — kizNs — I'nizCsiiiN'j — QiiizNr-^) — 35iiizC5{kC3 — 2iiizC3-^)'^ 

-kikNg = kNs + 7kizNs — 

Qzz 

izi/cA/lo = i;A^9 — 8iiizNg — 

Qzz 

i/ife^lO = 1(12^10 - 8iiizC3{iiNs + 7iiizNs — } - 28(i;C3 - 2iiizC3 — yHizNs 

Qzz Qzz 

+168iii2C3(i;C3 - 2iiizC3 — ){iiBQ - Si/i^Be — ) 

Qzz Qzz 

+210(i;C3 - 2iiizC3 — )^iiizBe — 210iiizC3{C3 - 3izC3 — ){ilC3 - 2i;i^C3 — )^ 
Qzz Qzz Qzz 

-315(i;C3 - 2ilizC3 — )\C3. 

Qzz 

C Gauge variations 

Gauge variations and coordinate transformation in the eleven-dimensional theory: 

6k-^ki = dAo (C.l) 
SC3 = 3dA2 
SCe = 6SA5 + 30(73^2 
SikCs = -7d{ikAr) - 105ifc(73a(ifeA5) + 210(ife(73)29A2 + 140ifc(73C35(ifeA2) 
S{ikCio) = -99(ifeA9) - 252ikC3d{ikAr) - 1890{ikC3)^d{ikA5) 
+28350^(73)3^2 + 1890C'3(ifeC'3)'5(uA2). 
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Gauge variations in Type IIA: 



SB2 = 2dEi 

5Be = 69^5 + SOCaaAa - GCsaAo + 3OC3B29A0 
SikNr = -6dik^6 - 30ifeB2a(ifeS5) - 60ifeC33(ifeA4) - 180ifcC3B2S(ifeA2) + 180ifcC3ifeS2M2 

+180ifeC3B2ifeS2aAo 
SikNs = -7d{ik^r) - 105ife(73a(ifcS5) + U0ikC3C3d{ikA2) + 210ifc(73ifeC3aA2 

-7ifcA^7aAo - MOifeCsCgifeSaaAo + 210ifeC3ifcC3B2aAo 
(JifciVg = -8d{ik^s) - 56ikB2d{ik(j) - imikC3d{ik(e) - 840ife 6-31^^3 9 (ifeA4) 

-840ifeC3ifeB25(ifeS5) + 2520(ifcC3)2ifcS2aA2 

-2520B2(ifcC3)2a(ifcA2) + 2520(ifeC3)2B2ifcB25Ao 
^ifeATio = -9d{ikC9) - 252ikC3d{ik^r) - 1890{ikC3fd{ik^5) + 2835(ife(73)^M2 

+1890C73(ifcC3)'a(ifeA2) - gifcA^gaAo 

+2835(ifeC3)^B2aAo - 1890C3{ikC3fikB2dAo- 

Gauge variations in Type IIB: 
6B2 = 29Si 

= eass - 30C49A1 

SQs = SdXv - 56BedAi 
SQio = lOaAg - QOQsSAi 

SkAfr = -GdiiCe - 30i(C4a(i;A3) + 6i;C65(i,Ai) - 30iiC4B2d{kAi) - 30i;B25(i;S5) 
+60i;C4i;S2aAi 

SikNr = -eSifeCe - 30ifeC45(ifeA3) + GikCediikAi) - 30ifeC4B29(ifeAi) - 30ifeB2a(ifeE5) 

+60ifeC4ifeB2aAi 

^(ifciiA/'s) = 69(ifei,C7) + 30ifeB29(ifei;C6) - mB2d{ikii^e) - 120ifeB2iiB29(ifcijS5) 

+ 60ifci,C4C)(ifciiA5) + 180ifci,C4ii-B2aifeA3 - 180ifeiiC4ifcB29(ijA3) 
+180ifei;C4S29(ifeiiA3) - 180ifei;C4S2ifcS2a(iiAi) + 180ifei;(74B2iiS29(ifeAi) 
+360ifei;C4ife-B2i;-B29Ai 

^(ifeiiiVs) = 6a(ifciie7) - mkUBediikiiAs) - eikUAfvdiikAi) + 6ikiiN7d{iiAi) 

-30ikHBekB2d{ikAi) + iQikk B^ikB 2d {nA^) 
+30ifeiiC4iiC49(ifcAi) - mkkCi\kCid{kAi) + %Q{\kkCifdA^ 

(5(ifciiA/'9) = 7a(ifcijC8) - 42i(B2a(ifeij57) + 105ifeijC4a(ifei,C6) - 420ifeijC4ijS2a(ifeijS5) 
-140ifei;C4i;C4a(ifciiA3) - 210(ifeiiC4)^5(iiA3) 
+7ifciiAr8a(i;Ai) + 140ifciiC4i;(74ifeB25(i;Ai) 

-140ifcizC4iiC4iiB2a(ifcAi) - 210(ifcizC4)2S25(izAi) +420(ifeiiC4)2iiB29Ai 

^OfcijATg) = 7a(ifei,e8) - 42ifcB2a(ifci,e7) + 105ifei,C4a(ifei,C6) - 420ifci,C4ifcB25(ifci;S5) 

-140ifei(C4ifcC45(ifci(A3) - 210(ifciiC4)'a(ifcA3) 
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+7ifci;A/'85(ifeAi) + 140ifciiC4ifeC4ifeB2a(iiAi) 

-140ifeizC4ifcC4iiB2a(ifeAi) - 210(ifei,C4)'S2a(ifcAi) +420(ifeizC4)2ifeS2aAi 

<5(ifeiiA/'io) = 8d{ikil^g) - 56kB2d{ikilC8) + 56ikB2d{ikH^s) - 336ikB2kB2d{ikil^7) 
+168ifei;C49(ifei;C7) + 840ifei;C4ifeB29(ifeiiC6) - 840ifciiC4i;B29(ifei;56) 

+840(ifei;C4)^5(ifeiiA5) - 3360ifeii(74ifeB2iiB2a(ifei(S5) + 2520(ifeii(74)2iiB2a(ifeA3) 
-2520{ikiiC4)\B2d{iiA3) + 2520{ikiiC4fB2d{ikiiA3) 
+5040{ikkC4fikB2kB2dAi + 2520(ifei;(74)^S2i;B2S(ifcAi) 
-2520iikkCifB2ikB2diiiAi) 
SiikkNio) = &d{ikiiC9) - 56ikHNsd{ikiiA3) - 56ikiiNsiiB2d{ikAi) + 56ikHNsikB2d{iiAi) 
-SikkAfgdiikAi) + SikiiNgdikAi) - IGSikiiNfikkCidikAi) 
+168ikil^f7ik■^C4^{ikAl) - 280iiC4{ikiiCifd{ikAi) 
-280ikC4{ikHC4fd{iiAi) - 840{ikiiC4fdAi. 
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